A novel method for the evaluation of hypernuclear non-mesonic (NM) decay rates is developed. It involves a partial wave expansion and has as basic building block the particle-hole shell model, with the Pauli Principle fully included within. The standard strangeness-changing weak ΛN → N N transition potential, involving the exchange of the complete pseudoscalar-vector meson-octet (π, η, K, ρ, ω, K * ), is used. The corresponding non-relativistic approximation is critically revised, both in momentum and in coordinate spaces. In this way are deduced some specially important parity violating transition operators in the vector-meson exchanges, which have been systematically omitted in the literature. Simple formula, which clearly exhibit the interplay between different mesons in each one of the multipole channels, are presented for the neutron and proton induced decays, Γ n and Γ p , in 12 Λ C. With the commonly used parametrization, for the one-meson-exchange model (OMEM), the calculated rate Γ N M = Γ n + Γ p is of the order of the free Λ decay rate Γ 0 (Γ th N M
I. INTRODUCTION
The free Λ hyperon weak decay (with transition rate Γ 0 = 2.50·10 −6 eV) is radically modified by the nuclear matter environment. First, the mesonic decay rate Γ M ≡ Γ(Λ → Nπ) is strongly blocked by the Pauli principle. Second, new non-mesonic (NM) decay channels ΛN → NN are opened, where there are no pions in the final state. The corresponding transition rates can be stimulated either by protons, Γ p ≡ Γ(Λp → np), or by neutrons, Γ n ≡ Γ(Λn → nn). The ultimate result is that the total hypernuclear weak decay rates Γ M + Γ N M (Γ N M = Γ n + Γ p ) are almost constant and close to Γ 0 , in the mass region above A = 12 [1] .
Because of practical impossibility of having stable Λ beams, the NM decays in hypernuclei offer the best opportunity to scrutinize the ∆S = −1 nonleptonic weak interaction between hadrons. Yet, the major motivation for studying these processes stems from the inability of the present theories to account for the measurements, although much theoretical effort has been invested in this issue for several decades. More precisely, the theoretical models reproduce fairly well the experimental values of the total width Γ N M [2] [3] [4] [5] , but the measurement of the ratio Γ n/p ≡ Γ n /Γ p (0.5 ≤ Γ exp n/p ≤ 2) seems to be still a puzzle for the theory [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In the one meson-exchange (OME) model, it is assumed that the hypernuclear ΛN → NN decay is triggering via the exchange of a virtual meson. The obvious candidate is the one-pion-exchange (OPE) mechanism, and following the pioneering investigations of Adams [6] , several calculations have been done in [8, 11, 12, 19, 20] . The importance of the ρ meson in the weak decay mechanism has been first discussed by McKellar and Gibson [23] . They have found that the estimates for Γ N M can vary by a factor of 2 or 3, when the potential V ρ is included, because of the sensibility of the results on the unknown ΛNρ vertex. (See also Ref. [24] .) The present-day consensus is, however, that the effect of the ρ-meson on both Γ N M and Γ n/p is very tiny [7, 8, 11, 12] .
Opinions are divided regarding the full OME model, which encompasses all pseudoscalar mesons (π, η, K) and all vector mesons (ρ, ω, K * ). A few years ago Dubach et al. [11] claimed that the inclusion of additional exchanges into the π+ρ model plays a major role in increasing the n/p ratio. Almost simultaneously, Parreño, Ramos and Bennhold [12] have found that the overall effect of the heavier mesons on this observable is very small. Yet, quite recently the Barcelona group has corrected [20] the just mentioned work, for a mistake in including the K and K * exchanged mesons, augmenting substantially the ratio Γ n/p . A similar result was obtained in the most recent nuclear matter calculation [19] .
Many other attempts have been done to account for the measured Γ n/p ratio, but without much success. Among these we mention: 1) the analysis of the two-nucleon stimulated process ΛNN → NNN [13] [14] [15] , 2) the inclusion of interaction terms that violate the isospin ∆T = 1/2 rule [16, 17] , 3) the description of the short range baryon-baryon interaction in terms of quark degrees of freedom [18, 19] , and 4) the introduction of correlated two-pion exchange potentials [21] . In the last two works were found consistent (though not sufficient) increases of the n/p ratio. (For instance, Γ n/p was boosted up to 0.36 for the decay of It is not still clear whether the discrepancy between the experiments and the theory is due to the underlying nuclear structure or to the weak transition potential itself. Presently, we are exploring both possibilities. It should be remembered that, except the work of Parreño, Ramos and Bennhold [12] , all evaluations of the n/p ratio in 12 Λ C have been done in the context of nuclear matter. Regarding the second issue, a few words are pertinent apropos of the OME models, which very often hung on the strangeness violating weak hypernuclear potentials [6] [7] [8] [9] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In spite of their microscopic appearances, the OME models, rather than being derived from an underlying fundamental form, are purely phenomenological in nature. In these models, a weak barion-barion-meson (BBM) coupling is always combined with a strong BBM coupling. The strong one is determined experimentally with some help from the SU(3) symmetry, and all uncertainties here are copiously discussed in the literature [26] [27] [28] [29] . It is the weak BBM couplings which could become the largest source of errors. In fact, only the weak NΛπ amplitude can be taken from the experiment, and at the expense of neglecting the off-mass-shell corrections. All other BBM couplings are derived theoretically by making use of the SU(3) and SU(6) w symmetries, octet dominance, current algebra, PCAC, pole dominance, etc. [10] [11] [12] [30] [31] [32] [33] [34] [35] [36] [37] . Assortment of such methods has been developed and used for a long time in weak interaction physics in order to explain the hyperon nonleptonic decays. Yet, they have not been extremely satisfactory. In particular, the SU(6) w symmetry is not established so well as is the SU(3) symmetry, and the results derived from it depend on the contributions of factorizable terms a V and a T , which have been estimated only very roughly [10, 11, 30] . Well aware of all these limitations, McKellar and Gibson [23] have allowed for an arbitrary phase between the ρ and π amplitudes in the π + ρ model. The same criterion has been also adopted in the work of Takeuchi, Tanaki and Bandõ [24] . In a recent work, in which the weak NNΛ couplings have been studied in some detail, the theoretical uncertainties turned out to be up to 40% [38] .
Our aim in this paper is to discuss the hypernuclear NM weak decay in the framework of a simple nuclear model, which is, in essence, the extreme shell model, but with the antisymmetrization, between the escaping particles and the residual A − 2 core, naturally incorporated in. Thus, all brief and disjointed remarks, given above, should serve only to qualify our findings and to stimulate further research on weak hypernuclear potentials.
II. FORMALISM A. Transition Rate
Our starting point is the Fermi golden rule for the decay rate, induced by the weak hipernuclear potential V :
from the initial hypernucleus with spin J I and energy E I , to the final nucleus with spin J F and energy E F , while two nucleons with the total spin S, momenta p and P, and energies ǫ p and ǫ P , are emitted into the continuum. A transformation to the center of mass (P) and relative momentum (p) is already implied in (2.1), i.e.,
for the relative and the center of mass (c.m.) coordinates,
It is convenient to define the quantity 4) and rewrite (2.1) as:
, and ∆ = E I − E F − 2M N , being M N the nucleon mass. Next we perform the partial wave expansion of the non-antisymmetrized two particle wave function:
where
are the spherical plane waves for the outgoing particles, being l and L the relative and c.m. orbital angular momenta, respectively. After performing the angular integration in (2.4) we get:
Here we do the angular momentum couplings: l + L = λ, λ + S = J and J + J F = J I , and obtain
The quantum number M I is superfluous and will be omitted from now on. More, as illustrated in Fig. 1 , the transition in (2.9) can now be viewed as going from the one-particle one-hole (1p1h) state |j Λ j −1 a ; J I to the two-particle two-hole (2p2h) state |pP lLλSJ, (j
This allows us to use the standard angular momentum recoupling procedure [39] , and get pP lLλSJ, (j
with
being ǫ(j Λ ) and ǫ(j b ), respectively, the hyperon and nucleon single-particle energies. It should be stressed that, in applying (2.10), the antisymmetrization between the A − 2 core and the outgoing nucleons is fully taken into account. This is precisely the origin of the factor (1 + δ ab ).
Being the effective weak hypernuclear interaction isospin dependent, i.e., 13) where T τ are the isospin operators, we are forced to work in the isospin formalism and specify the isospin quantum numbers in the matrix elements of V . We also antisymmetrize and normalize the wave function for the two outgoing nucleons, which implies that the last term in (2.12) goes into 14) where m t Λ ≡ m tn = − 1 2 [12] , and i = n and i = p for protons and neutrons, respectively. The assumption that the Λ behaves as a | 
Finally, we carry out the jj − LS recoupling and the Moshinsky transformation [40] on the ket |j Λ j b J and get (see (2.5))
with · · · | · · · being the Moshinsky brackets [40] .
The above results are valid for any hypernuclei with the initial and final states described, respectively, as a particle-hole (ph) and a two hole (2h) excitations on a given A Z core. For 12 Λ C the initial state is 18) and the final states are:
Another example is the decay of 4 Λ He where the corresponding states are: 20) and
It could be questionable, however, whether a shell model framework is suitable for such a light system as is 4 He. The present method is also applicable to other hypernuclei, such as 28 Λ Si, where get involved all single-particle states up to 1d 5/2 . It could be useful to note that the spectoscopic factors,
used by Henddle and Kisslinger [41] and by the Barcelona group [12, 42] , are embodied in our formalism. (J C is the spin of the (A − 1)-core nuclei.) In fact,
while the following relation is fulfilled: 24) for the spectroscopic factors S j (J C T C , J F T F ), used in the isospin formalism.
III. EFFECTIVE INTERACTION A. Non Relativistic Approximation
The reduction of the relativistic OME t-matrix, to the non-relativistic effective potential V , has been presented in many works [8] [9] [10] [11] [12] 20, 23, 30, 34, 35, 43] , and therefore it will not be repeated here. For the parity conserving (PC) potential we will just list a few results that are indispensable for establishing the notation and for the ulterior discussion. Yet, a few more attention will be paid to the parity violating (PV) potential, as there are several typographical errors in the recent papers [12, 20, 25] , regarding this part of the transition potential. We will consider as well some important PV contributions for the vector mesons, which, although always included in the description of the nuclear parity violation [30, [43] [44] [45] , have been neglected so far in all the studies of the NM hypernuclear decays, except for the works of de la Torre et al. [10, 11] . In dealing with them appear some tricky details, in the passage from the momentum space to the coordinate space, as we show below. We illustrate the procedure for one pseudoscalar meson (π) and one vector meson (ρ), and once in the coordinate space we generalize to all six mesons.
The strong (S) and the weak (W) effective hamiltonians read
where G F m 2 π is the weak coupling constant, ψ N and ψ Λ are the barion fields, π and ρ are the meson fields, τ is the isospin operator, M the nucleon mass, and M the average mass between the nucleon and Λ masses. Note that, to enforce the empirical ∆T = 1 2 rule, the weak hamiltonians behave in the isospin space as the ket |t = 1 2
, which is baptized in this case as isospurion.
The corresponding non-relativistic t-matrix in the momentum space (with the hyperon Λ being always in the first vertex) is:
where the coupling constants Table I , and
with p ′ and p being, respectively, the relative momenta for the initial and final states. (We have adopted these labeling to be consistent with (2.2).) In the momentum space the potential reads: 4) and to go to the coordinate space one has to do the Fourier transform:
After some trivial integrations and performing the coordinate transformation:
we now get
To carry out the integration on q and Q we make use of the result:
is the tensor operator, and the radial dependence is contained in:
with ∇ ≡ ∇ 12 = ∇ 1 = −∇ 2 , and
Thus (3.7) reads 12) where the transition potential for the π + ρ model is:
The complete potential can now be cast in the form (2.13), with the isoscalar (η, ω) and isovector (π, ρ) mesons giving rise to V 0 and V 1 , respectively, while the strange mesons (K, K * ) contribute to both. We get: 14) for the PV potential, and Table I , with the weak couplings for kaons defined as: TABLE I. Isoscalar (τ = 0) and isovector (τ = 1) coupling constants in units of
while the C's and D's are given in Ref. [12] . The operators that are usually omitted in V P V (r, s 1 s 2 ) are those that are proportional to A ′ M .
B. Nuclear Matrix Elements
Next we evaluate the transition matrix elements that appear in (2.16) for the potentials V(r, s 1 s 2 ) defined in (3.14) and (3.15). The PV ones are of the form
and we obtain:
pP lLλSJ|f
The spin dependent matrix elements are: 20) and
The matrix elements pl||f
M ||nl is easily evaluated and one obtains,
and (pl|f
To derive the expression for the gradient dependent matrix elements pl||f
M ||nl , we rewrite the operator ∇ as
where L is the orbital angular momentum operator. This yields: 27) and therefore
It is worth noting that through the integration by parts we can also differentiate "on the left" the final wave function:
and write
with (pl|f
Obviously, the "sum rule"
(pl|f
should always be obeyed. The radial integral (3.29) can be expressed as (pl|f
which immediately leads to (pl|f
It should be noted that we are interested here only in R nl (r) and R NL (R), with (n = 1; l = 0, 1) and (N = 1; L = 0, 1). In this case:
and, to simplify the integral (3.27), the following relationship can be used r
It is also worth mentioning that the radial wave functions R nl (r) and R NL (R) should be evaluated, respectively, with the harmonic oscillator parameters √ 2b ≡ b, and b/ √ 2 ≡ B (with b = A 1/6 fm). We obtain (pl|f
For further developments it is convenient to rewrite now (3.17) and (3.18) as pP lLλSJ|V 
Finally, the integral (3.19) of interest here are:
The finite nuclear size (FNS) effects of the interaction vertices are gauged by the monopole form factor F
where f Λ M (r) has the same structure as f M (r) but with m M → Λ M . The short range correlations (SRC) are taken into account via the correlation functions [12] ,
with α = 0.5 fm, β = 0.25 fm −2 , and γ = 1.28 fm, and q c = 3.93 fm −1 . This means that the substitutions |nlm → |nlm = g i (r)|nlm and |plm → |plm = g f (r)|plm have to be done in (3.37) and (3.38). Thus, when both the FNS and the SRC are included, the radial integral for f M (r) is simply: 
where g ′ (r) ≡ dg(r)/dr. Thus the above equivalence is not valid for the integrals (3.34) and (3.37) that contain derivatives. This is a direct consequence of the fundamental difference between the FNS effects and the SRC. In fact, while the SRC modify the nuclear wave functions, the FNS renormalization is done directly on the vertices of the Feynman diagrams which engender the transition potential.
IV. RESULTS AND DISCUSSION
To clearly disentangle the interplay between different mesons, and to analyze the relative importance of different multipole in the transition potential, we have gone a step further in the theoretical development, reducing the expressions for Γ p and Γ n all up to numerical integration. That is, we have analytically evaluated all Racah's coefficients that appear in equations (2.16), (3.38) and (3.39) , and the integrands I The single particle state 1s 1/2 only contributes when the relative angular momentum l and the center of mass (c.m.) orbital angular momentum L, of the ΛN system, are both zero. But, in the case of the orbital 1p 3/2 we may have (l = 0, L = 1) and (l = 1, L = 0). In order to simplify the formula the contributions of 1s 1/2 and 1p 3/2 will be put together (I
). To achieve this it is convenient to introduce the ratio (see (3.41 1) and work only with the L = 0 overlap (P 0|10). The last equality was found numerically. It is valid up to a few per cent, and will be used in the qualitative discussion of the results. The numerical values of the parameters, that are listed in Table I and are necessary to specify the transition potential, are summarized in Table II . For the sake of comparison all cutoffs that appear in (3.41), as well as all coupling constants, were picked up from Ref. [12] , where, in turn, the strong couplings have been taken from Refs. [26, 27] and the weak ones from Ref. [11] . The energy difference ∆ b in (2.13) is evaluated from the experimental single nucleon and hyperon energies, quoted in Ref. [42] .
It is a general feeling nowadays that, in any realistic evaluation of the the NM decays in hypernuclei, the FNS and SRC have to be included simultaneously. Therefore, in the present paper will be discussed only the numerical results, in which both of these renormalization effects are considered. As it is well known [12] , under these circumstances and because of the relative smallness of pion mass, the transition is dominated be the OPE. A few illustrative results are displayed in Table III. We have found convenient to discuss the results for the PC and PV potentials separately, and this is done below.
A. Parity conserving contributions
The matrix elements of interest are:
So, using the notation:
for the isoscalar (τ = 0) and the isovector (τ = 1) matrix elements, the results for the PC potential turns out to be very simple. We get: for the decays Λp → np. Clearly, all differences between I p and I n are only due to the Pauli principle acting in (2.17) and (2.19). The corresponding transition rates can now be obtained by performing the integration indicated in (2.16). The state 1s 1/2 give rise to terms proportional to unity in (4.4) and (4.5). Everything else comes from the 1p 3/2 state. The physical consequences of the estimate R = 1, done in (4.2), can now be seen from the first terms in the above equations. That is, for the neutron induced decay the hole in 1p 3/2 contributes with 7/3 times more l = 0 strength than the hole in 1s 1/2 . Yet, for the proton induced decay they add the same amount of this transition strength. The wave l = 1, coming from the 1p 3/2 state, contributes very little: ∼ = 2% to I P C n and ∼ = 6% to I P C p . ¿From the Table II one can also make out that the ω and K * mesons mainly cancel out in C 0 0 , and that the same happens with the ρ and K * mesons in C 0 1 . Thus, from the analytical and the numerical calculations we arrive at the following approximate relations: For the parametrization displayed in Table II, n . More, from the same table and (4.3) we find out that in the tensor moment the ω and K * mesons contribute coherently with the pion, while the remaining three mesons contribute out of phase. As shown in Table III , the overall effect is a reduction of the pion transition rate by approximately a factor of two.
B. Parity violating contributions
The relevant nuclear moments here are:
and using the notation,
we obtain: 9) for the Λn → nn decay, and 10) for the Λp → np decay. ¿From the numerical side, first of all we have verified that the "sum rule"
is fulfilled quite nicely, which implies that the SRC have been correctly implemented in (3.43) and (3.44).
As in the PC case, the dominant transition strength comes from the l = 0 wave, for which the following observations are noteworthy. Remembering that the terms proportional to R arise from the state 1p 3/2 and that R = 1, from (4.10) can be seen that in the proton induced decay the two single-particle states get involved in the same way for all mesons. This, however, does not happens in the neutron induced decay, where they contribute differently for the pseudo-scalar and the vector mesons. Note also that in the last case the interference between pseudo-scalar and vector mesons is much stronger (2 times more for 1s 1/2 and 42 times more for 1p 3/2 ) than among the K meson with the π and η mesons.
The l = 1 wave derives only from the 1p 3/2 state, and gives rise to the l = 0 and l = 2 outgoing channels. The first one can be neglected for any practical purpose, while the second one contributes with 15% to Γ PV p and with 2% to Γ PV n , when only the π meson is considered. When all meson are included these percentages drop to 6% and 1%, respectively. ¿From the Table III one can easily find out that the mesons that most interfere with the π meson are η, K and K * . Thus, retaining only the most relevant terms in (4.9) and (4.10), we obtain the rough estimates 13) which suggest the following quotations regarding the pseudo-scalar mesons. First, the η meson is quite significant for Γ PV n , but it does not contribute at all to Γ PV p . Second, the K meson increases both transition rates, but in different ways.
Before proceeding we feel that this could be the appropriate place to say a few words regarding the "new" nuclear moments Q 
Furthermore, as Table II ) we end up with the estimate: On the other hand, the equation (4.8) shows that the vector meson Q-moments are always accompanied by the pseudo-scalar meson P-moments. Then, as all integrals (pl = 1|f (±) M |1l = 0) are negative, from the Table II it can be inferred that these two kind of moments have the tendency to mutually cancel out.
C. Comparison with the experimental data
The results of the measurements in 12 Λ C for the total transition rate Γ N M , the proton partial width Γ p and the ratio Γ n/p are displayed in Table IV , together with the theoretical estimates, which have been grouped as:
• Theory A. All the parametrization is from the Table II and the following cases are shown and commented:
-(π): The simple OPE model accounts for Γ N M , but it badly falls regarding the Γ p and Γ n/p .
-(P S): When the η and K mesons are including into the play, the total transition rate is modified very little, while Γ p and Γ n/p changed significantly, becoming somewhat closer to the the measured values.
-(P S + K * ): The subsequent incorporation of the K * meson increases Γ N M and Γ p and decreases Γ n/p , making worse the agreement with the data.
-(P S + V ): When all vector meson are built-in the results is changed very little in comparison with the previous case.
TABLE IV. Parity conserving (PC) and parity violating (PV) non-mesonic decay rates for 12 Λ C, in units of Γ 0 = 2.50 · 10 −6 eV. The large experimental errors are due to the low efficiencies and large backgrounds in neutron detection [4] . Theory A: all parameters are from Table II, PS and V stand, respectively, for the pseudo-scalar (π + η + K) and the vector mesons (ρ + ω + K * ), and with (P) is indicated that only the moments P ll M (p, P ) are considered (see (4.7)). The parametrization employed in the Theory B is explained in the text.
Ref. [2] 0.70 ± 0.3 Ref. [2] 0.52 ± 0.16 Ref. [3] 1.14 ± 0. -(P S + V (P)): Here are also included all 6 mesons, but only the PV moments P ll M (p, P ) have are considered. The confrontation with the previous situation, clearly exhibits the importance of the new matrix elements Q ll M (p, P ).
• Theory B. As the previous calculation was unable to account for the experiments in 12 Λ C, we tray here to reproduce simultaneously Γ N M , Γ p and Γ n/p , by varying rather arbitrarily the weak coupling constants. ¿From equations (4.6), (4.12) and (4.13) one sees that the only possible strategy to achieve this aim would consist in making small the tensor interaction, at the same time that is diminished Γ PV p and increased Γ PV n . Thus, keeping fixed the FNS and SRC parametrization, as well as the pion coupling strengths, the first goal can be reached within the PV potential, by enhancing the role of the η, K, and ρ mesons and reducing that of the ω and K * mesons. The second purpose can be accomplished by augmenting the coupling strength of the η meson, and/or amplifying the effect of the K meson in Γ PV n and attenuating it simultaneously in Γ PV p . In Table IV are shown the following cases: -(a): Only the pseudo scalar mesons with: A η → 5A η , B η → 5B η , B K 1 → 1.5B K 1 , and A K 1 → A K 0 /2.
-(b): Only the pseudo scalar mesons with: A η → 3A η , B η → 3B η , B K 1 → 1.5B K 1 , and A K 1 → A K 0 /2.
-(c): All six mesons with: A η → 3A η , B η → 3B η , B K 1 → 1.5B K 1 , and A K 1 → A K 0 /2 and the signs of the PV potentials for vector mesons have been reversed. The sign inversion is rather a radical modification of the coupling constants but it is in spirit with has been done previously [23, 24] . Table I ).
-(e): Same as the previous but without the new matrix elements Q ll M (p, P ).
It could be useful to go over the main points of the above calculations, which are: 
